We study the environment-assisted enhancement of the excitation-transport efficiency across a network of interacting quantum particles or sites. Our study reveals a crucial influence of the network configuration -and especially its degree of connectivity -on the amount of environment-supported enhancement. In particular, we find a significant interplay of direct and indirect connections between excitation-sending and receiving sites. On the other hand, the non-Markovianity induced by memory-bearing, finite-size environments does not seem to provide a critical resource for the enhanced excitation-transport mechanism.
I. INTRODUCTION
It has long been recognized that, under suitable conditions, noise could be not just a source of detrimental effects for the dynamics of a system, but a mechanism for potential advantages. A significant, well-known example in classical physics is provided by stochastic resonance [1, 2] , the phenomenon according to which, the signal-to-noise ratio of a given nonlinear process can be enhanced by the addition of moderateintensity white noise, owing to the occurrence of resonances.
The benefits of noise in quantum dynamics, however, are not only less evident but also more subtle. Large environmental fluctuations typically act as sources of decoherence for a quantum system, destroying quantum coherences and leading to classical stochastic processes. Dissipation, on the other hand, depletes the performance of the excitation-transport mechanisms. On one hand, these phenomena have inspired a technological race to realization of conditions for ultra-high isolation of quantum systems from the corresponding environment. The results of such a race are the remarkable progresses achieved so far in the quantum control of the dynamics of a large number of quantum systems, from trapped ions to coldatom and superconducting quantum devices, which are making the goal of a realizing a quantum processor foreseeable in a close future. On the other hand, the unavoidable systemenvironment interaction has inspired research aimed at understanding if and how environmental effects can be turned into an advantage and lead to the creation of quantum coherence in a given system. Remarkably, examples have been given of such a possibility [3] [4] [5] [6] , in particular when addressing the dynamics of quantum networks that could model the working mechanisms of biological systems. Very significant steps have been taken towards the understanding of the features that provide an environment-assisted enhancement of the performance of excitation-transport in photosynhetic quantum networks [5, [7] [8] [9] . The role of quantum interference operated by modest amounts of environmental dephasing or dissipation appears to be crucial, in this respect [10] . It is also important to remark the interest generated by system-environment interactions in light-harvesting systems for the production and control of quantum correlations [11] [12] [13] [14] .
Yet, much remains to be understood of the phenomenology of environment-assisted enhancement of the excitationtransport, from the influences of environmental memory effects to the significance of quantum coherence. Among the questions that are currently open, is the dependence of the performance of excitation-transport on the network configuration. This is a particularly relevant point when addressing quantum effects in light-harvesting systems, given the large degree of connectivity of their underlying networks [9] , and for the engineering of excitation-transport in nanostructures [8] , which might benefit of specifically arranged network configurations. Needless to say, the effect of network configuration on the efficiency of excitation-transport processes represents a question that can be addressed beyond the boundaries of the specific contexts mentioned above, namely quantum biology and the engineering of artificial nanostructures. Indeed, this problem would benefit of an abstract approach assessing the performance of general networks of connected sites and undergoing non-equilibrium open-system dynamics. This is precisely the viewpoint that we take in this paper, where we study the interplay between the configuration of a network of interacting particles and the occurrence of environment-assisted quantum transport (ENAQT). We first model a process of excitation-transport in a multi-site graph open to both local and collective environments. We then unveil an intriguing trade-off between the enhancement of the excitation-transport efficiency in the presence of modest amounts of dephasing noise, and the existence of multiple interfering pathways for the excitation-transport from a designated sending site to a receiving one. We show that existence of a direct link between the sending and receiving sites is crucial for the achievement of enhanced ENAQT.
We also assess the effects that non-Markovianity induced by network-environment interaction might have on the enhanced ENAQT effect that we discuss. We thus compare the excitation-transport performance when the environments with which the network is in contact are memoryless -thus enforcing a standard Markovian dynamics on the networkand when they are able to induce a non-Markovian evolu-tion. Our results show that non-Markovianity does not appear to be a resource for ENAQT, a conclusion that we verify through an extensive numerical assessment of the network dynamics. Our numerical findings reinforce the idea that graph-connectivity is a key factor in establishing enhanced environment-induced effects. This provides valuable information on the way, for instance, a nanostructure should be engineered to operate advantageously in the presence of an environment, which can be useful towards the construction of quantum-enhanced nanoscale devices and processes.
The remainder of this paper is structured as follows: In Sec. II we introduce the formal description of the system that we consider, introduce the models for environmental mechanisms, and the figure of merit for the quantification of the effects that we aim at exploring. Sec. III presents our analysis of the dynamics, highlighting the situations that underpin the sink excitation probability (SEP) and the occurrence of ENAQT. Our study is quite extensive, and covers the effects of non-Markovianity as well as the influence that quantum coherences have on the phenomenology that we illustrate. Finally, Sec. IV summarizes our findings and draws their implications for the investigation of noise-affected quantum dynamics in quantum networks.
II. THE SYSTEM AND ITS MODELIZATION
We consider a system of interacting qubits (hereby dubbed the system and labeled as S) coupled to individual and independent environments and thus undergoing open-system dynamics. Besides the intra-system coupling and the interaction with the surrounding environment, we also consider an (in general multi-qubit) ancillary system (dubbed the ancilla and labeled as A) that, in principle, undergoes open dynamics as well.
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Env. Ancilla   FIG. 1 . Sketch of the configuration of interactions among system S, ancilla A, and environment E. Both system and ancilla are, in general, multipartite. In particular, we allow for a set of intra-system couplings, whose form is determined by the adjacency matrix τ , and S − A interactions, as specified by matrix q. The effects of E on both the ancilla and the system is treated phenomenologically by assuming memoryless (Markovian), independent environments. Not included in the sketch is the sink used to trap the excitations that, having been transported across S, reach a given site of the system. As our primary goal is to quantify the excitation-transport efficiency from a sender to a receiving qubit across the system, we incoherently couple the latter to a sink particle. The coupling is devised in a way that the sink would thus absorb excitations reaching the receiving particle without being able to feed such excitations back to the system. Models with artificial sinks could be envisioned as systems that transfer energy to a zero-temperature bath. Similar sinking mechanisms have been employed in the modelization of excitation-transport across photosynthetic and light-harvesting complexes [9] The Hamiltonian for a general configuration of the model at hand thus reads (we assume units such that = 1 and measure energy in units of the Bohr frequency ω of the system's and ancilla's particles)
Here roman (Greek) indices run over the elements of system S (the ancilla A) and
is the vector of Pauli matrices of particle k = i, α. We have introduced the adjacency matrix for the intra-system couplings τ (J) and that for the coherent S-A interaction q(Q). The strength of the respective coupling is set by the dimensionless rates J and Q. Both τ (J) and q(Q) are used here to control the details of the configuration of interactions within the model. Specifically, we have the following adjacency matrix entries
J when qubits i, j ∈ S are coupled, 0 otherwise (2) and
Q when qubit i ∈ S is coupled to qubit α ∈ A, 0 otherwise.
We now include the effects of the environment (labeled as E), which we assume to consist of individual memoryless mechanism affecting each particle of the system (and possible the ancilla) independently. The joint dynamics of S and A is assumed to be Markovian and modeled by phenomenological Lindblad-like superoperators. In order to describe the general case, we consider the environment E as including both dephasing and dissipative effects on the system. These effects are modeled by the superoperators
Here ρ is the joint S-A density matrix, D is the dephasing rate (assumed to be uniform across the system),
is the rate of incoherent loss (incoherent pump) of excitations into (from) the environment attached to particle i ∈ S. The environment is assumed to be in thermal equilibrium at temperature T i and with an average number of excitations
, where β i = 1/K B T i is inverse temperature and K B is the Boltzmann constant.
In our model, the ancilla has two configurations: individual and communal. In the individual one, the constituents of the ancillary system do not interact with each other and are individually coupled to one part of S. In the communal configuration, the ancillary system interacts with the entire S at once. In both cases we allow for individual non-zero temperature damping effects on A of the form
where N A is the average number of excitations in the bath attached to A and γ A ↑,↓ are the corresponding rates of incoherent loss and pump.
Finally, we introduce the sink mechanism. As mentioned at the beginning of this Section, this can be understood as damping of excitations into a zero-temperature environment, which is unable to feed them back into the system. A minimal model for such a sink is given by a two-level system incoherently coupled to the n th site of the system with decoherence rate γ S , as [7] 
With this at hand, the non-unitary evolution of the S-A density matrix is obtained by solving the equation
This dynamical equation provides the core information on the excitation-transport problem here under scrutiny, whose performance is characterized quantitatively by considering SEP, i.e. the probability that an excitation seeded in one of the particles of S reaches the site to which the sink is attached. Formally, SEP is defined as
where Tr SA stands for the partial trace over the degrees of freedom of S and A, which leaves us with the reduced state of the sink only. SEP is then calculated by performing the projection of such reduced state onto the excited state |↑ S of the sink. In what follows, for zero-temperature environments, we will consider the situations when ENAQT occurs at the steady-state of the dynamics, and calculate the corresponding value of SEP, which we will then compare to the corresponding value achieved in the absence of dephasing noise. We dub the difference between SEP in these two configurations as SEP improvement (or SEPI) and define it as SEPI thus quantifies the degree of improvement in the sinkexcitation probability resulting from ENAQT, an effect which we observe through dephasing. For environments at non-zero temperature, on the other hand, we would not consider the steady state of the dynamics, as the latter would not exhibit any ENAQT. We will thus resort to a study of the dynamical state.
Before turning our attention to the characterization of the excitation-transport process, let us discuss an important point. As we aim at assessing the effects that the ancilla has on the performance of excitation-transport, in what follows we shall compare the results obtained through the coherent S-A coupling in Eq. (1) to what is observed by replacing the coherent S − A interaction in Eq. (1) with the incoherent interaction
where Γ ↓ (Γ ↑ ) is the rate at which excitations are transferred from (to) the i th element of the system to (from) the α th party of the ancilla. Therefore, the dynamics guided by Eq. (7) will be contrasted to the one resulting from the master equation We show the behavior of SEP in a five-element maximally connected system against the dephasing rate D, highlighting the existence of a threshold value of R after which ENAQT occurs. Panel (c) shows the effect of increasing the system size upon ENAQT occurring in maximally connected networks.
III. ANALYSIS OF THE DYNAMICS, PHENOMENOLOGY OF SEP AND OCCURRENCE OF ENAQT

A. No Ancillary System
In this Section, we consider a number of configurations in order to determine the requirements for ENAQT. We consider four archetypes as shown in Fig. 2 : linear, loop, non-critical, and maximally connected. We use the term path or pathway to describe the route that an excitation might travel from the first qubit of a network (labeled as 1) to the sink. In the linear configuration, the system interacts through nearest-neighbor couplings, which gives a single pathway from qubit 1 to the sink [cf. Fig. 2 (a) ]. The loop configuration [panel (b)] also exhibits nearest-neighbor couplings and includes a direct interaction between the initial qubit and the final one. As will be explained later, such a direct connection is crucial for the phenomenology of ENAQT, and we thus dub it as critical connection. A configuration such as the one in Fig. 2 (c) , where the link between first and last element of the network only occurs through a set of non-nearest neighbor connections among the sites but lack of such a critical link will be referred to as non-critical. Finally, in the maximally connected configuration [ Fig. 2 (d) ] every site is coupled to each other. This offers the maximum number of pathways through the system.
In order to set a benchmark, we initially consider cold environments (N i = 0) and no ancilla coupled to S. We quantify the relation between ENAQT and the properties of the system, and find that there are a number of conditions that our system should satisfy in order for ENAQT to occur. To this end, we introduce the parameter
which quantifies the relative strength of the coherent coupling versus the incoherent environmental coupling for the damping of excitations into the local environments. Fig. 3 (b) shows the effect of increasing R values for a maximally interacting system of five qubits. ENAQT only takes place for sufficiently large values of R: while R 1 corresponds to a monotonically decreasing behavior of SEP, a value of R 5 already shows the existence of a region of values of D where SEP increases with the dephasing rate [cf. Fig. 3 (b) ]. Such a region grows with R, until SEP assumes a monotonically increasing trend.
We have also addressed the dependence of ENAQT on the dimensionality of the system at hand [cf. Fig.3 (c) ]. In general, larger systems require a lower threshold in the value of R for the enhancement effect to occur, and are associated with wider ENAQT ranges compared to smaller systems. A larger system also displays a comparatively more significant effect. However, the range of beneficial dephasing values can grow at a greater rate than the magnitude of the effect and as a result, for certain R and D values, we can observe smaller systems getting a greater benefit than larger ones. However, the maximum value of SEP will always increase with the size of the system. Our next observation addressed the various interaction pathways. We observed that non-critical and linear configurations, which both miss the direct connection between first and last element of the network, do not display any ENAQT effect, as SEP is a monotonically decreasing function of D. This correlation between the existence of a direct link between first and last element of the network suggests a general dependence of SEPI on the network configuration and thus, in turn, on the interference mechanisms that a chosen configuration entails.
B. Assessing the effect of quantum coherence
We now address the role, if any, that quantum coherences set in the state of the network have in the settling of ENAQT. In order to provide a quantitative assessment, we use the l 1 -norm of coherence proposed in Ref. [21] , which reads
where ρ i j is a generic entry of the density matrix of the system and the double summation extends over all values of the indices i and j. Fig. 4 shows the temporal behavior of C l 1 (ρ), comparing the results corresponding to the dephasing-free and dephasingaffected dynamics, the latter calculated using the value of R that optimize ENAQT. Strong quantum coherences are associated with values of R 1, growing with the network size. While the undephased configuration shows a fading oscillatory behavior that however maintains a non-zero degree of coherences for a substantial time window, the dephased one displays a quick damping of coherences, which do not survive beyond the first period of oscillations of the D = 0 case. However, despite the rapid disappearance of quantum coherence in the state of the system, Fig. 4 (a) and (b) are associated with the occurrence of ENAQT. On its own, this is significant evidence that quantum coherences do not appear to play a crucial role in the emergence of ENAQT. Moreover, the results displayed in Fig. 4 (c) provide further useful information. Despite showing similar or larger degrees of coherence than in (a) and (b), panel (c) does not showcases any ENAQT. As the configuration addressed there only lacks of the critical connection between the first and last qubit of the network, we conjecture the crucial role played by such a link in the establishment of ENAQT: quantum coherence alone are not sufficient for the effect to appear, but need to be complemented by the addition of a critical pathway between first and last element of the network.
C. Assessing the Effect of Temperature
We now aim to characterize the influence that temperature has on the phenomenology of ENAQT. To this end, we set N i > 0. Unlike the case with T i = 0, we observe no sign of ENAQT at the steady state. However, such effect is present dynamically: snapshots of the evolution of the system at various dephasing strengths show that ENAQT is present initially and disappears as we approach the steady state [cf. Fig. 5 ]. We observed the occurrence of such time-dependent enhancement for both 'directional' configurations where N 1 0 and all other N i = 0, and the case where N i 0 for all the site in the network. However, the fully warm regime had a larger threshold value of R for the occurrence of ENAQT than the directional regime. The addition of the ancillary system enriches the phenomenology of excitation-transport, as regimes where the effects of the warm environment are mediated by the ancillary system itself. However, we find common features throughout: as the number of 'warm introduction sites' (i.e. sites exposed to a thermal environment additional excitations can enter) increases, the threshold value of R required to observe ENAQT also increases.
D. Introducing the Ancillary System
We now address the case where A is introduced in the overall system. In order to keep the computational effort to a reasonable level, but without affecting the generality of our conclusions, we have opted to consider a three-qubit system for this analysis. We shall first consider the case of incoherently coupled ancillary system [i.e. Q = 0 in the Hamiltonian and Γ ↑,↓ 0 in Eq. (10)]. Within this archetype, we study the excitation-transport performance under various dynamical regimes. Specifically, we considered Γ ↑ /Γ ↓ = 1, for which there is no bias between the incoherent process that pulls excitations away from the system into the ancilla and the opposite process, Γ ↑ /Γ ↓ > 1, where the ancilla supplies excitations to S at a rate larger than it takes them away, and the complementary situation of Γ ↑ /Γ ↓ < 1, where depletion due to the system-ancilla interaction is strong. Both an isolated and open ancilla have been taken in consideration. In the first case, excitations could only enter or leave the ancillary system via its coupling to S. This is not the case when an open ancilla is addressed, which significantly modifies the phenomenology of excitation-transport that we will highlight.
The corresponding results are summarized in Fig. 6 . The incoherent coupling regime has a noticeably larger threshold value of R to observe the ENAQT effect, when compared to the study reported in Subsec. III A. The maximum SEP for the individual isolated ancillary regime and the no-ancilla one turn out to be equal. We also observed that the maximum SEP for the communal isolated ancillary system was noticeably greater than both, though it had the least gain from ENAQT.
Next we consider the case of a coherently coupled ancillary system. We thus take Q > 0 in Eq. (1) and assume Γ ↑,↓ = 0, so that Eq. (7) should be considered to model the dynamics. As done above, we consider both closed and open ancillary systems. When compared against the occurrence of ENAQT, this configuration results in a threshold value of R that is lower than the one for both the incoherent S − A coupling the case with no ancilla at all. This is very interesting, as it implies that the interaction with an ancilla promotes the occurrence of ENAQT. The effect can be understood as analogous to the observed reduction of the threshold value of R when larger (coherently coupled) systems are studied: de facto, in this situation, A is akin to an extension of S.
The extra degree of freedom provided by the possibility of tuning the value of the system-ancilla coupling rate Q allows for the characterization of ENAQT and SEP against variation of such a parameter. This is done in Fig. 7 , where we have taken R = 20. The ENAQT effect is highly dependent on the relative value of Q with respect to R. When Q ≈ R, we observe a drop in SEP, but an increase in the ENAQT effect. We see the best ENAQT when this occurs as the ancillary and qubit system were effectively behaving as a slightly larger qubit system. Additionally, we saw that when Q > R, SEP grew. For the isolated ancillary system, configurations with large Q performed best, in terms of SEP, as excitations were more likely to transfer through the ancilla. Was the ancillary system no longer isolated, it would represent another source for excitation loss. In this configuration, the excitation transfer would perform as in the Q = 0 case.
In this regime, we have evidence of non-Markovian dynamics. In order to quantify the degree of non-Markovianity, we use an instrument put forward in Ref. [22, 23] and based on the trace distance, which is defined as Note that as system size increases, so does the coherence value. In both these panels, the curve showing the behavior of the dephasing affected system is obtained by using the value of D at which SEP and ENAQT are maximum. Panel (c) shows a five-qubit maximally non-critical configuration with R = 500. The dephasing plot uses a dephasing strength that is optimal for the maximally connected configuration with R = 500.
where || · || 1 is the trace norm and ρ 1,2 (t) are two density matrices of the same system. The trace distance is null (equal to one) for indistinguishable (fully distinguishable) quantum states. It is contractive under Markovian dynamics, meaning that the trace distance between two completely distinguishable initial states of a system exposed to a Markovian environment is a non-increasing quantity. That is, the rate of change of the trace distance will always be negative. Any deviation from such behavior, has to be associated with an evolution that is non-Markovian in nature, for instance due to the back-action of the environment. Based on such considerations, it is possible to define a measure of non-Markovianity as follows [22] 
where the maximization is made over all possible pairs of initial states of the system. While observing a temporary increase in the trace distance is sufficient to conclude that the dynamical map is non-Markovian, the converse is not true: non-Markovian evolutions might exist such that the trace distance decreases monotonically. In this sense, the condition dD/dt > 0 is only a witness for non-Markovianity. In our approach, rather than considering the state of the system itself, which is multipartite, we assess non-Markovianity from the perspective of the ancillary system. This choice greatly simplify the calculations. We also argue that, if non-Markovian dynamics is observed in the ancillary system due to their coupling with the primary system, then, by symmetry, the primary system dynamics will be also nonMarkovian. Fig. 8 shows our results, revealing that a strong non-Markovian behavior is indeed witnessed in the dynamical system studied here. The non-Markovian environmental mechanism acts just as an additional coherent resource. In fact, the enhancement can be equivalently obtained by a suitably greater value of R, i.e. without the introduction of qualitatively significant new features.
The previous analysis is complemented by the study of the mixed-coupling case corresponding to Q, Γ ↑,↓ 0 [cf. Fig. 9 ]. As observed in previous regimes, the inclusion of the ancillary-environment interface causes a noticeable reduction in SEP as well as a reduction in the ENAQT effect. When Q 0, we observe non-Markovian dynamics dependent upon the relative strengths of the incoherent couplings and the en- non-Markovian features. In the mixed regime, we observed that the R requirement was dependent on this relative strength as well. We found that as Q became the more dominant pa- rameter that our R requirement reduced [cf. Fig. 10 ].
IV. DISCUSSIONS AND CONCLUSIONS
We have addressed the question of the emergence of environment-induced advantages in the transfer of excitations across a network of interacting particles, studying explicitly the effects that different geometries of the network have on the efficiency of excitation-transport.
Our chosen figure of merit for the efficiency of excitationtransfer, namely the sink excitation probability (SEP), exhibits dephasing-induced enhancement with respect to the fully unitary case, but only if a suitable network configuration is ensured. In particular, we have highlighted the critical role played by the availability of a direct link connecting the sending and receiving sites in the network, which interferes constructively with the paths going through the other sites owing to local dephasing noise of modest entity.
The addition of an ancillary system offered the possibility to explore different environmental regimes. When studying coherent coupling between the ancillary system and the network, evidence of non-Markovianity were found: a communal ancilla resulted in larger SEP than for the individual-ancilla counterpart. This can be understood as the provision, by the common ancilla, of an extra pathway for the excitations to transfer across. In this respect, non-Markovianity does not appear to play a crucial role in the establishment of the efficiency of the transfer, which is instead strongly dependent on the network configuration, and especially its degree of connectivity. Our work addresses an open problem of great technological relevance: the identification of environment-assisted effects that are enhanced by a suitably chosen network configuration. These effects can be useful to design more efficient strategies for energy and excitation-transport in artificial nanostructures, thus emulating the behavior of biological processes such a photosynthesis.
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